Abstract In this paper, we propose a new three-level implicit nine point compact finite difference formulation of O(k 2 + h 4 ) based on non-polynomial tension spline approximation in r-direction and finite difference approximation in t-direction for the numerical solution of one dimensional wave equation in polar co-ordinates. We describe the mathematical formulation procedure in details and also discuss the stability of the method. Numerical results are provided to justify the usefulness of the proposed method.
 6. Final 
Introduction
We consider the one-dimensional wave equation in polar form u tt ¼ u rr þ c r u r À c r 2 u þ fðr; tÞ; 0 < r < 1; t > 0 ð1Þ
with the following initial conditions uðr; 0Þ ¼ /ðrÞ; u t ðr; 0Þ ¼ uðrÞ; 0 6 r 6 1 ð2Þ
and the boundary conditions uð0; tÞ ¼ p 0 ðtÞ; uð1; tÞ ¼ p 1 ðtÞ; t P 0:
We assume that the conditions (2) and (3) are given with sufficient smoothness to maintain the order of accuracy in the numerical method under consideration.
The numerical solution of 1D wave equation in polar coordinates is of great importance in many field of engineering and sciences. During the last three decades, there has been much effort to develop stable numerical methods based on spline approximations for the solution of the differential equations. Fyfe [1] , Jain and Aziz [2, 3] , Al-said [4, 5] , Khan and Aziz [6] and Kadalbajoo and Aggarwal [7] have studied the solution of two point boundary value problems by using cubic spline method. Kadalbajoo et al. [8] [9] [10] , Marusˇic´ [11] and Khan and Aziz [12] have developed the tension spline method for the numerical solution of singular perturbed boundary value problems. Mohanty et al. [13, 14] on both uniform as well as non-uniform mesh have used tension spline to find the numerical solution of singular perturbed boundary value problems. The computational techniques based on cubic spline are discussed in detail by Khan et al. [15] and Kumar and Srivastava [16] for the differential equations. Raggett and Wilson [17] and Fleck [18] studied wave equations using cubic splines. Recently, Rashidinia et al. [19] , Ding and Zhang [20] and Mohanty and Gopal [21] [22] [23] have studied cubic spline and compact finite difference method for the numerical solution of the hyperbolic problems. More recently, Rashidinia and Mohammadi [24, 25] have formulated the solution of nonlinear KleinGordon and Sine-Gordon equation by using tension spline. In this present paper, we follow the idea of Jain et al. [3, 26] but used non-polynomial tension spline approximation to develop order four method for the solution of wave equation in polar co-ordinates with significant first order derivative term. We have shown that our method is in general of order four but for the sake of computation of the result, we have used the consistency of the first order continuity condition.
In this paper, using nine grid points (see Fig. 1 ), we discuss a new three level implicit non-polynomial tension spline finite difference method of O(k 2 + h 4 ) for the solution of one dimensional wave equation in polar co-ordinates. In this method, we require only three evaluation of function G (as mentioned in Section 3). In Section 2, we discuss the non-polynomial tension spline approximations. In Section 3, we discuss the method in detail for the solution of wave equation in polar co-ordinates based non-polynomial tension spline in r-direction and central finite difference approximation in t-direction. In Section 4, we have discussed the stability analysis of the proposed method. Difficulties were experienced in the past for the high order spline approximation for the solution of wave equation in polar coordinates. The solution usually deteriorates in the vicinity of the singularity. In this section, we modify our technique in such a way that the solution retains its order and accuracy everywhere in the solution region. In Section 5, we discuss the higher order approximation at first time level, in order to compute the proposed numerical method of same accuracy and compare the numerical results of proposed high accuracy non-polynomial tension spline finite difference method with the corresponding second order accuracy non-polynomial tension spline method. Concluding remarks are given in Section 6.
Non-polynomial tension spline
Let S j (r) be the non-polynomial tension spline of the function u(r, t) at the grid point (r l , t j ), and is given by The derivatives of non-polynomial tension spline function S j (r) are given by
where To derive expression for the coefficients of (4) in terms of
where h = xh and l = 0, 1, 2, . . . , N À 1.
Using the continuity of the first derivative at (r l , t j ), that is S 0 j ðr l ÀÞ ¼ S 0 j r l þ ð Þ, we obtain the following relation for l = 1, 2, . . . , N À 1,
where
When x fi 0, that is h fi 0, then ða; bÞ ! À Á , and the relation (8) reduces to ordinary cubic spline relation
r l 6 r 6 r lþ1 ð9Þ
and replacing 'h' by 'Àh', we get
Combining (9) and (10), we obtain
Further, from (9), we have
and from (10), we have
Note that, (8, 11, 12 and 13) are important properties of the non-polynomial tension spline function S j (r).
The finite difference method based on non-polynomial tension spline
The solution domain [0, 1] · [t > 0] is divided into (N + 1) · J mesh with the spatial step size h = 1/(N + 1) in r-direction and the time step size k > 0 in t-direction respectively, where N and J are positive integers. The mesh ratio parameter is given by k = (k/h) > 0. Grid points are defined by (r l , t j ) = (lh, jk), l = 0, 1, 2, . . . , N + 1 and j = 0, 1, 2, . . . , J.
The notations u j l and U j l are used for the discrete approximation and the exact value of u(r, t) at the grid point (r l , t j ), respectively.
For the derivation of the non-polynomial tension spline finite difference method for the solution of differential Eq. (1), we follow the ideas given by Jain et al. [3, 26] for two-point boundary value problems with significant first derivative term using cubic spline. We use the non-polynomial spline approximations in r-direction and second order finite difference approximation in t-direction.
At the grid point (x l , t j ), we may write the differential Eq. We consider the following approximations
Since the derivative values of S j (r) defined by (8, 11, 12 and 13) are not known at each grid point (r l , t j ), we use the following approximations for the derivatives of S j (r). Let
Now we define the following approximations
in which we use the non-polynomial tension spline function U j l ¼ S j ðr l Þ, approximation of its first order space derivative defined by (19.1) and (19.2) in r-direction.
With the help of the approximations (15.1) and (16.1), from (17.1), we obtain 
Then at each grid point (r l , t j ), a non-polynomial tension spline finite difference method of Numerov type with accuracy of O(k 2 + h 4 ) for the solution of differential Eq. (1) may be written as
Using the approximations 15.3 and 15.4, (23.1) and (23.2) , from (24), we obtain the local truncation error (25) , and then using Taylor's expansion of U j lAE1 ; U j ttlAE1 and U j rrlAE1 at the grid point (r l , t j ) in (25), i.e., using the values
we obtain the local truncation error
Note that, the initial and Dirichlet boundary conditions are given by (2) and (3), respectively. Incorporating the initial and boundary conditions, we can write the method (24) in a tridiagonal matrix form and can be solved using Gauss-elimination (tri-diagonal solver) method [27] .
Stability analysis
We can write the non-polynomial spline method (24) as follows by neglecting the LTE We solve Eq. (1) using the method (28) in the region bounded by 0 < r < 1, t > 0. The exact solution is given by u(r, t) = r 2 sinht . The maximum absolute errors (MAE) [29] are tabulated in Table 1 at t = 1.0 and t = 2.0 and for c = 1, c = 2.
Final remarks
Available numerical methods based on non-polynomial tension spline approximations for the numerical solution of the wave equations in polar co-ordinates are of O(k 2 + h 2 ) accuracy only and require 9-grid points. In this article, using the same number of grid points and three evaluations of the function G, we have derived a new stable non-polynomial tension spline finite difference method of O(k 2 + h 4 ) accuracy for the solution of the wave equation in polar co-ordinates (1). For a fixed parameter r ¼ k h
